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P-ADIC METRIC PRESERVING FUNCTIONS AND THEIR
ANALOGUES
ROBERT W. VALLIN AND OLEKSIY A. DOVGOSHEY
Abstract. The p-adic completion Qp of the rational numbers induces a different absolute
value | · |p than the typical | · | we have on the real numbers. In this paper we compare
and contrast functions f : R+ → R+, for which the composition with the p-adic metric
dp generated by | · |p is still a metric on Qp, with the usual metric preserving functions
and the functions that preserve the Euclidean metric on R. In particular, it is shown
that f ◦ dp is still an ultrametric on Qp if and only if there is a function g such that
f ◦ dp = g ◦ dp and g ◦ d is still an ultrametric for every ultrametric d. Some general
variants of the last statement are also proved.
1. Introduction
The p-adic numbers were first introduced in 1897 by K. Hensel [19]1. The basis for
numerous applications of p-adic numbers and for algebraic studies of these numbers is
the so-called p-adic valuation. The field of p-adic numbers Qp endowed with a metric dp
generated by p-adic valuation is also a fundamental example in the theory of ultrametric
spaces. Nevertheless, many metric properties of the space (Qp, dp) remain unexplored now.
This paper is an attempt to fill one of these gaps. The goal of the paper is to describe
the structure of functions f for which the composition f ◦ dp remains an ultrametric or a
metric on Qp.
The paper is organized as follows. In Section 2 we remained the concept of p-adic
valuation and give some examples of calculating this quantity.
Section 3 deals with metric preserving functions and ultrametric preserving ones with
emphasis on functions which preserve the standard Euclidean metric on the real line.
Section 4 contains our main results related to functions that preserve the p-adic metrics
dp. Proposition 4.4 describes the structure of all functions for which f ◦dp is still a metric.
Theorem 4.8 explicitly establish a relationship between ultrametric preserving functions
and functions f for which f ◦ dp is still an ultrametric. The characteristic properties of the
last class functions are found in Proposition 4.7.
2010 Mathematics Subject Classification: 54E35, 26A21.
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1Hereinafter, the phrases such as “It was first introduced in the year YYYY” are abbreviations for “As
far as the authors known, it was first introduced in the year YYYY”.
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In Section 5 using some concepts of order theory we generalize the known characteri-
zation of ultrametric preserving functions to the case of functions which preserve the ul-
trametrics of a given class of ultrametric spaces (Theorem 5.6) and find the necessary and
sufficient conditions under which these functions behave similarly to functions preserving
dp (Theorem 5.8).
In what follows we will use the following designations
• P — the set of prime numbers p ≥ 2.
• Q — the set (field) of rational numbers.
• Qp — the completion of Q generated by p-adic valuation | · |p.
• R — the set (field) of real numbers.
• R+ — the set (ordered set) of all non-negative real numbers.
• Z — the set (ring) of all integer numbers.
2. The p-adic Numbers
Let p be a prime number. We define a map, | · |p, on Q by |0|p = 0 and
|x|p = p−ordpx,
where ordpx, the order of x with respect to p, is (a) the highest power of p that divides x
if x ∈ Z and (b) ordpa− ordpb if x = a/b where a, b ∈ Z, b 6= 0.
Example 2.1. For the number 25/18, we have |25/18|2 = 2, |25/18|3 = 9, while |25/18|5 =
1/25. For any other prime, p, |25/18|p = 1.
We note that the range of the map | · |p is the set {0} ∪ {pn : n ∈ Z} unlike the usual | · |
on R whose values include all non-negative real numbers.
For fixed prime p the map | · |p defines a norm on Q. Ostrowski’s Theorem (see [22])
implies every non-trivial absolute value on Q is equivalent to either the usual absolute value
| · | or a p-adic absolute value | · |p. The p-adic absolute value is a non-Archimedean norm
as | · |p has the property that
|x+ y|p ≤ max{|x|p, |y|p}.
This p-adic norm leads us to the p-adic metric on Q defined by
dp(x, y) = |x− y|p.
We actually have something stronger than a metric. Thanks to the non-Archimedean
property dp is an ultrametric. Rather than the ordinary Triangle Inequality, dp satisfies
the Strong Triangle Inequality
dp(x, y) ≤ max{dp(x, z), dp(z, y)}
for all x, y, z ∈ Q. As shown below, Cauchy sequences do not behave the same way in with
the p-adic norm as in the usual norm and (Q, dp) is not a complete metric space. There
are many ways to prove the lack of completeness (see, for example, [21] where a counting
argument is presented).
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The next example shows that sequences which are Cauchy in Q with the standard
Euclidean metric do not have to be Cauchy in (Q, dp). To prove this we use the following
theorem.
Theorem 2.2. The sequence {an} is Cauchy in (Q, dp) if only if
lim
n→∞
|an − an+1|p = 0.
Example 2.3. The sequence {an}, an = 10−n is not Cauchy in (Q, dp) for any prime p.
If p = 2, 5, |10−n − 10−m|p → ∞ while n,m → ∞ and for any other p, |an − an+1|p =
|9 · 110n+1 |p ≥ 1/9 hence not Cauchy by the theorem above.
Example 2.4. Fix p ∈ P. The sequence whose terms are given by an =
∑n
k=1 p
k is a
Cauchy sequence in (Q, dp). For i < j, we have
|aj − ai|p =
∣∣∣∣∣
j∑
k=i+1
pk
∣∣∣∣∣
p
≤ max
i+1≤k≤j
{|pk|p} = p−(i+1).
The limit is the number L = 1/(1 − p) since
∣∣∣∣an − 11− p
∣∣∣∣
p
=
∣∣∣∣1− pn+11− p − 11− p
∣∣∣∣
p
=
∣∣∣∣∣p
n+1|
1− p
∣∣∣∣∣
p
=
1
pn+1
.
With p still fixed, we can complete (Q, dp) in the usual way. Take the collection of
all Cauchy sequences and place an equivalence relation on the set by {an} ≡ {bn} if
limn→∞ |an − bn|p = 0. We make equivalence classes out of the collections of Cauchy
sequences whose difference is a null sequence and the collection of equivalence classes forms
the completion. This is the field of p-adic numbers, denoted Qp.
In [21] see how to write every number in Qp uniquely as
· · ·+ d4p4 + d3p3 + d2p2 + d1p+ d0 + d−1
p
+ · · · + d−j+1
pj−1
+
d−j
pj
where dk ∈ {0, 1, 2, . . . , p − 1}. Thus, every member of Qp can be written as
. . . dkdk−1 . . . d1d0.d−1d−2 . . . d−j .
Example 2.5. In the field of 3-adic numbers Q3
• The number seventeen is written as 122.
• The additive inverse of one is written as . . . 2222222. We can show this using
Example 2.4 with p− 1 in place of p in that example.
• The multiplicative inverse of two is written as . . . 1111112. Note that this says 1/2
is a 3-adic integer.
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3. Metric Preserving Functions
We now turn our attention to functions that preserve metrics.
Definition 3.1. A function f : R+ → R+ is called metric preserving (ultrametric preserv-
ing) if for every metric (ultrametric) space (X, ρ) the composition f ◦ ρ is still a metric
(ultrametric) on X.
The canonical example of a metric preserving function is f(x) = x1+x .
It is straightforward to see that one requirement is f : R+ → R+ must be amenable, i.e.,
f(0) = 0 and f(x) > 0 for every x > 0. For every metric space (X, ρ) and any x, y ∈ X, the
facts that f(ρ(x, y)) ≥ 0 and f(ρ(x, y)) = f(ρ(y, x)) are automatically satisfied. The other
requirement is to make sure that the triangle inequality still holds up under composition
with f . There are several ways to make sure this happens.
Example 3.2. Let f : R+ → R+ be amenable.
• If there exists an a > 0 such that for x > 0, a ≤ f(x) ≤ 2a, then f is a metric
preserving function.
• If f is concave down, then f is metric preserving.
• If a ≤ b + c implies f(a) ≤ f(b) + f(c), then f is metric preserving (Wilson’s
Theorem).
For general metric spaces, the structure of metric preserving functions has been firstly
studied by W. Wilson in 1935 [33] and systematically discussed by J. Dobosˇ [10]. Recent
decades, the properties of metric preserving functions investigated by many mathemati-
cians. In particular, the algebraic structure of the semigroup generated by metric preserv-
ing functions was firstly investigated by O. Dovgoshey and O. Martio in 2013 [15]. The
study of ultrametric preserving functions begun by P. Pongsriiam and I. Termwuttipong
in 2014 [24].
Remark 3.3. The metric preserving functions can be considered as a special case of
metric products (= metric preserving functions of several variables). See, for example,
[3, 5, 16, 17, 20]. It is interesting to note that an important special class of ultrametric
preserving functions of two variables was first considered in 2009 [14].
Theorem 19 of paper [24] can be formulated as
Lemma 3.4. The following statements are equivalent for every Ψ: R+ → R+:
(i) We have Ψ(0) = 0 and the double inequality
0 < Ψ(a) ≤ 2Ψ(b)
holds whenever 0 < a < b.
(ii) The mapping X ×X d−→ R+ Ψ−→ R+ is a metric for every ultrametric space (X, d).
The dual to this lemma result was obtained in [13].
The following theorem, from [24] gives us an easy and complete description of ultrametric
preserving functions.
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Theorem 3.5. A function f : R+ → R+ is ultrametric preserving if and only if f is
increasing and amenable.
This theorem was generalized by O. Dovgoshey in 2019 (see Proposition 3.24 and Corol-
lary 3.25 [11]) to the special case of the so-called ultrametric distances. The ultrametric
distances were first introduced by S. Priess-Crampe and P. Ribenboim in 1993 [25] and
studied in [26–29].
Also in [24] one finds
Corollary 3.6. The following statements hold for every f : R+ → R+:
(i) If f is ultrametric preserving and subadditive, then f is metric preserving.
(ii) If f is metric preserving and increasing on R+, then f is ultrametric preserving.
A way to see that a function is metric preserving, which we will make use of later on,
involves the concept of a triangle triplet (see [4] and [7]). Let (a, b, c) be a triple of three
non-negative, real numbers. We say that (a, b, c) is a triangle triplet if
a ≤ b+ c, b ≤ a+ c, and c ≤ a+ b
all hold. We will write this as (a, b, c) ∈ ∆. We say that (a, b, c) is a strong triangle triplet,
(a, b, c) ∈ ∆∞, if
a ≤ max{b, c}, b ≤ max{a, c}, and c ≤ max{a, b}
(see [24]).
Theorem 3.7. Let f : R+ → R+ be amenable. Then the following statements hold:
(i) f is metric preserving if and only if (f(a), f(b), f(c)) is a triangle triplet whenever
(a, b, c) is one.
(ii) f transfers ultrametrics to metrics if and only if (f(a), f(b), f(c)) ∈ ∆ holds
whenever (a, b, c) ∈ ∆∞.
(iii) f is ultrametric preserving if and only if (f(a), f(b), f(c)) ∈ ∆∞ holds whenever
(a, b, c) ∈ ∆∞.
Statement (i) of Theorem 3.7 is a reformulation of a corresponding result from [7]. See
also [24] for Statements (ii) and (iii) of this theorem.
An easy to prove consequence of the definition of triangle triplets is the following:
Let x0 ∈ R+ and let f : R+ → R+ be metric preserving. If f(x0) = a, then
f(x) ≥ a/2 for x > x0.
Other interesting properties of metric preserving functions include if f is metric preserving
and continuous at zero, then f must be continuous everywhere.
There are several pathological examples involving metric preserving function including
a continuous, nowhere differentiable metric preserving function and a singular metric pre-
serving function. In particular, since the (expanded) Cantor function is subadditive [9],
amenable, and increasing on R+, it is metric preserving by Theorem 3.5 and Statement (i)
of Corollary 3.6.
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If we focus on functions that preserve only the Euclidean metric on R things change. By
restricting the space that is preserved we have an enlarged the set of functions we have on
hand.
Paper [8] shows that
f(x) = sin(x) + sin(
√
2 · x)
is an example of function f that preserves the Euclidean metric on R+, but has the property
that lim infx→∞ f(x) = 0, hence is not metric preserving. Vallin, in [32], expanded on this
and created an f that preserved the Euclidean metric on R+, has lim infx→∞ f(x) = 0, yet
is unbounded, thus answering a question from Dobosˇ (“Must all functions that preserving
the Euclidean metric and have lim infx→∞ f(x) = 0 be almost periodic?”) in the negative.
Triangle triplets can be used to test a function for preserving (R, | · |) as follows:
Theorem 3.8. Let f : R+ → R+. Then f preserves the Euclidean metric on R if f is
amenable and (f(a), f(b), f(a+ b)) is a triangle triplet for all a, b ≥ 0.
4. Preserving p-adic Metrics
Let us start from the basic for us
Definition 4.1. Let p ∈ P. A function f : R+ → R+ is said to be p-adic metric (ultramet-
ric) preserving if the composition f ◦ dp is a metric (an ultrametric) on Qp.
Given that the functions that preserve the Euclidean metric on R have such different
properties/examples than metric preserving functions. It seems logical to look at p-adic
metric preserving functions. This paper does so with a collection of examples.
Having a discrete range makes a difference in preserving functions. Let us look at a
straightforward example function defined on {0} ∪ {pn} given by
f∗(0) = 0, f∗(pn) = qn for all integers n
where p, q ∈ P are fixed. We can see that f∗ ◦ dp changes things on Q from the metric for
Qp to the one for Qq. One easy way to compose functions is to change the range from that
of | · |p to that of | · |q.
Since {pn : p ∈ P and n ∈ Z} has only the origin as a limit point we can modify f∗
to F ∗ that is defined for all powers of all primes using F ∗(pn) = qn. This function is
only defined on a discrete space, so now we extend the function to be defined on all of
R+ and continuous on the positive numbers. We can do this by requiring F ∗ to be linear
between consecutive positive points where it was previously defined. So now we have an
amenable function F ∗ : R+ → R+ that preserves all p-adic metrics but need not be a metric
preserving function. This happens naturally if q 6= 2 as (1/2n+1, 1/2n+1, 1/2n) is a triangle
triplet along with c = a+ b, but for q ≥ 3
1
qn+1
+
1
qn+1
=
2
qn+1
<
1
qn
since 2 < q.
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f(x)
x
0.5
1
0.5 1 1.5 2 2.5 3 3.5 4
Figure 1. The function f : R+ → R+ preserves the Euclidean metric on
R, but it is not 3-adic metric preserving.
This F ∗ is not continuous at 0. As the choice of prime p increases, 1/p tends to zero
while F ∗(1/p) = 1/q > 0 stays constant. This example can be changed to a continuous
function by ordering the primes 2 = p1 < p2 < · · · and having
F (0) = 0, F (pnk ) = p
n
k+1, and F linear elsewhere.
So we have a continuous F that preserves (Qp, dp) for all p ∈ P, but does not preserve the
Euclidean metric on R.
Our next example goes the other way; this function preserves the Euclidean metric on
R, but not all p-adic metric. Specifically, our function f will satisfy (f(a), f(b), f(a + b))
is a triangle triplet, but will not preserve the 3-adic metric.
Example 4.2. We define f : R+ → R+ piecewise as
f(x) =


x, if 0 ≤ x ≤ 1
2− x, if 1 ≤ x ≤ 3/2
3
4
x− 5
8
, if 3/2 ≤ x ≤ 2
−3
4
x+
19
8
, if 2 ≤ x ≤ 3
3
4
x− 17
8
, if 3 ≤ x ≤ 7/2
1
2
, otherwise.
(See Figure 1). This preserves the Euclidean metric on R as it passes the (a, b, a + b) to
triangle triplets. The proof of this is similar to the proof used in [32]. The key is that the
magnitude of the slopes are 1 from x = 0 to x = 3/2 and then 3/4, so smaller, and after
x = 7/2 the y-values are constant at half the maximum so triangle triplets will be satisfied.
However, |1/2−1/3|3 = 3, |1/3−1/4|3 = 3 and |1/2−1/4|3 = 1, but f(|1/2−1/3|3) = 1/8,
f(|1/3−1/4|3) = 1/8 and f(|1/2−1/4|3) = 1 which will not satisfy the triangle inequality.
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The p-adic metric preserving functions are different from metric preserving functions
and from functions that preserve the Euclidean metric on R.
Let us turn now to characteristic properties of p-adic metric (ultrametric) preserving
functions.
Lemma 4.3. Let p ∈ P. Then for each pair n, m ∈ Z with n < m there are x, y, z ∈ Q
such that
(1) |x− z|p = |z − y|p = pm and |x− y|p = pn.
Proof. Let l ∈ Z. The numbers x, y, z ∈ Q satisfy (1) if and only if
(2) |plx− plz|p = |plz − ply|p = pm−l and |plx− ply|p = pn−l.
Consequently, it suffices to prove that for every strictly positive k ∈ Z there are x, y, z ∈ Q
such that
(3) |x− z|p = |z − y|p = 1 and |x− y|p = pk.
Indeed, (1) follows from (2) and (3) with l = m and k = m− n.
If p ≥ 3, then (3) holds with z = 1, x = pk and y = −pk. For p = 2 and k ≥ 2 it suffices
to set z = 1, x = 2k−1 and y = −2k−1. Finally, for the case p = 2 and k = 2 we can set
z = 0, x = 1 and y = −1. 
Proposition 4.4. Let p ∈ P. Then the following conditions are equivalent for every
function f : R+ → R+:
(i) f(0) = 0 and the double inequality
0 < f(pm) ≤ 2f(pn)
holds whenever m, n ∈ Z and m < n.
(ii) The function f is p-adic metric preserving.
Proof. (i) ⇒ (ii). Suppose f : R+ → R+ satisfies condition (i). Let us define a function
Ψp : R
+ → R+ as
(4) Ψp(x) =
{
0, if x = 0
f(pm), if x ∈ [pm, pm+1) for m ∈ Z.
Then Ψp satisfies condition (i) of Lemma 3.4. Consequently, Ψp ◦ dp is an ultrametric by
Lemma 3.4. From (1) it follows that f(|x− y|p) = Ψp(|x − y|p) for all x, y ∈ Qp. Hence,
f ◦ dp is also an ultrametric.
(ii)⇒ (i). Suppose (ii) holds. Then
f(|x− y|p), f(|x− z|p), f(|z − y|p)
is a triangle triplet. Using Lemma 4.3, for each pair n, m ∈ Z with n < m, we can find
x, y, z ∈ Q ⊆ Qp such that (1) holds. Consequently, (f(pm), f(pm), f(pn)) is a triangle
triplet whenever n, m ∈ Z and n < m. It implies the inequality f(pn) ≤ 2f(pm) whenever
n < m. Condition (i) follows. 
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Remark 4.5. Let p ∈ P and let f : R+ → R+ be amenable. If the inequality
f(pn) ≤ f(pn+1)
holds for every n ∈ Z, then the function Ψp : R+ → R+, defined by (4), is increasing and
amenable. By Theorem 3.5, this is an ultrametric preserving function.
The following example shows that f ◦d2 may not be a metric on Q2 even if f : R+ → R+
is amenable and the inequality
(5) f(2n−1) ≤ 2f(2n)
holds for every n ∈ Z.
Example 4.6. Let us define a function f : R+ → R+ as
f(x) =
{
0, if x = 0
1
x
, if x 6= 0.
Then f is amenable and
f(2n) =
(
1
2
)n
holds for every n ∈ Z. Hence, we have (5) for every n ∈ Z. Write x = 1, y = −3 and z = 0.
Then the equalities
|x|2 = 1, |y|2 = 1, |x− y|2 = 2−2
hold. It implies
f(|x− z|2) = f(|z − y|2) = 1 and f(|x− y|2) = 4.
Since the 3-tuple (1, 1, 4) is not a triangle triplet, the function f is not 2-adic metric
preserving.
Proposition 4.7. Let p ∈ P. The following conditions are equivalent for every function
f : R+ → R+:
(i) f(0) = 0 and the double inequality 0 < f(pn) ≤ f(pn+1) holds.
(ii) The function f is p-adic ultrametric preserving.
Proof. (i)⇒ (ii). Let (i) hold. In correspondence with Remark 4.5, the function Ψp : R+ →
R+, defined by (4), is ultrametric preserving. Consequently, for all x, y, z ∈ Qp the tuple
(Ψp(|x− y|p),Ψp(|x− z|p),Ψp(|z − y|p))
is a strong triangle triplet. Since, for every t ∈ Qp, we have |t|p ∈ Ran(|·|p), where Ran(|·|p)
is the range of the function | · |p : Qp → Qp,
Ran(| · |p) = {pn : n ∈ Z} ∪ {0},
the equality Ψp(|t|p) = f(|t|p) holds for every t ∈ Qp. Hence,
(f(|x− y|p), f(|x− z|p), f(|z − y|p))
is also a strong triangle triplet. Statement (ii) follows.
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(ii) ⇒ (i). Let (ii) hold. Then f ◦ dp is an ultrametric on Qp. Consequently, for every
t ∈ Qp, we have
f(|t− t|p) = f(0) = 0
and, in addition, for n ∈ Z and x = p−n,
0 < f(|x− 0|p) = f(|p−n|p) = f(pn).
By Lemma 4.3, there are x, y, z ∈ Q ⊆ Qp such that
|x− y|p = pn−1 and |x− z|p = |z − y|p = pn.
Since f ◦ dp is an ultrametric, (f(pn−1), f(pn), f(pn)) is a strong triangle triplet. Hence,
0 < f(pn−1) ≤ f(pn)
holds. Statement (i) follows. 
In the next theorem and everywhere in the future we will write f |A for the restriction
of the function f : R+ → R+ to the set A ⊆ R+.
Theorem 4.8. Let p ∈ P. Then the following statements are equivalent for every function
f : R+ → R+:
(i) There is an ultrametric preserving g : R+ → R+ such that
g|Ran(|·|p) = f |Ran(|·|p),
where Ran(| · |p) is the range of the function | · |p : Qp → Qp.
(ii) The function f is p-adic ultrametric preserving.
Proof. (i) ⇒ (ii). Let (i) hold. Then using Theorem 3.5 and Proposition 4.7 we obtain
statement (ii).
(ii) ⇒ (i). If (ii) holds, then (i) follows from Theorem 3.5, Proposition 4.7 and Re-
mark 4.5. 
5. Back to ultrametric preserving functions
It is clear that for every p ∈ P the range of the metric dp : Qp × Qp → R+ coincides
with the range of the p-adic value | · |p, Ran(| · |p) = Ran(dp). Hence, by Theorem 4.8,
a mapping f ◦ dp is a metric on Qp if and only if there exists an ultrametric preserving
function g : R+ → R+ such that
f |Ran(dp) = g|Ran(dp).
The following is an example of an ultrametric space (X, d) and a function f : R+ → R+
for which f ◦ d is an ultrametric on X, but such that
(6) f |Ran(d) 6= g|Ran(d)
for any ultrametric preserving function g : R+ → R+.
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Example 5.1. Let X = {x1, x2, x3, x4} be a four-point set. A function d : X ×X → R+,
d(x, y) =


0, if x = y
1, if {x, y} = {x1, x3}
2, if {x, y} = {x2, x4}
3, otherwise,
is an ultrametric on X. We define a function f : R+ → R+ as
f(t) =


2t, if 0 ≤ t ≤ 1
3− t, if 1 ≤ t ≤ 2
−1 + 43t, if 2 ≤ t ≤ 3
3, if t ≥ 3.
Then f is amenable, 1 = f(2) < f(1) = 2 holds and f ◦ d is an ultrametric on X. By
Theorem 3.5, we obtain (6) for all ultrametric preserving g : R+ → R+. It is interesting to
note that the ultrametric space (X, d) and (X, f ◦ d) are isometric (see Figure 2).
x1
x2
x3
x4
(X, d)
3 3
33
1
2 x1
x2
x3
x4
(X, f ◦ d)
3 3
33
2
1
Figure 2. The mapping Φ: X → X with Φ(xi) = xi+1 for i = 1, 2, 3 and
Φ(x4) = x1 is an isometry of ultrametric spaces (X, d) and (X, f ◦ d).
Remark 5.2. It can be proved that there are no isometric embeddings of the above
ultrametric space X in the Euclidean plane E2, but we can find a four-point subset Y of
the 3-dimensional Euclidean space E3 such that Y and X are isometric (see Figure 3 and
Lemma 5.11 below).
Now we want to describe all ultrametric spaces for which an analog of Theorem 4.8 is
valid. For this goal we recall some definitions.
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y1
y2
y3
y4
Y = {y1, y2, y3, y4}
2
3
3
3
3
Figure 3. The isosceles triangles (y1, y2, y3) and (y1, y2, y4) have the legs
of length three and the common base (y1, y2) of length two. The distance
between the vertices y3 and y4 equals one.
Let X be a set. A binary relation on X is a subset of the Cartesian square
X ×X = {〈x, y〉 : x, y ∈ X}.
Let X be a set and let R1 and R2 be binary relations on X. Recall that a composition of
binary relations R1 and R2 is a binary relation R1 ◦R2 ⊆ X×X for which 〈x, y〉 ∈ R1 ◦R2
holds if and only if there is z ∈ X such that 〈x, z〉 ∈ R1 and 〈z, y〉 ∈ R2.
A binary relation α ⊆ X ×X is transitive if
(〈x, y〉 ∈ α and 〈y, z〉 ∈ α)⇒ 〈x, z〉 ∈ α
is valid for all x, y, z ∈ X. Moreover, we say that α is reflexive if 〈x, x〉 ∈ α holds for every
x ∈ X.
Let γ be a binary relation on a set X. We will write γ1 = γ and γn+1 = γn ◦ γ for every
integer n > 1. The transitive closure γt of γ is the relation
(7) γt :=
∞⋃
n=1
γn.
For every β ⊆ X × X, the transitive closure βt is transitive and the inclusion β ⊆ βt
holds. Moreover, if τ ⊆ X ×X is an arbitrary transitive binary relation for which β ⊆ τ ,
then we also have βt ⊆ τ , i.e., βt is the smallest transitive binary relation containing β.
Let us denote by ∆X the diagonal of X,
∆X = {〈x, x〉 : x ∈ X}.
Then, for every δ ⊆ X ×X, the relation δ ∪∆X is the smallest reflexive binary relation on
X containing the relation δ.
Definition 5.3. Let U be a non-empty class of non-empty ultrametric spaces (X, d) and
let
RanU :=
⋃
(X,d)∈U
Ran(d).
P-ADIC METRIC PRESERVING FUNCTIONS AND THEIR ANALOGUES 13
We denote by GU the binary relation on the set RanU defined by the rule: An ordered pair
〈s, t〉 belongs to GU if and only if there exist (X, d) ∈ U and x1, x2, x3 ∈ X such that
(8) s = d(x1, x3) and t = d(x1, x2) = d(x2, x3).
Recall that a reflexive and transitive binary relation 4Y on a set Y is a partial order on
Y if, for all x, y ∈ Y , we have the antisymmetric property,(〈x, y〉 ∈4Y and 〈y, x〉 ∈4Y )⇒ (x = y).
In what follows we use the formula x 4 y instead of 〈x, y〉 ∈4.
Let 4Y be a partial order on a set Y . A pair (Y,4Y ) is called a poset (a partially ordered
set).
An element y0 ∈ Y is, by definition, the least element of poset (Y,4Y ) if the inequality
y0 4Y y holds for every y ∈ Y .
Proposition 5.4. Let U be a non-empty class of non-empty ultrametric spaces. The binary
relation
(9) 4U := G
t
U ∪∆RanU
is a partial order on the set RanU . Moreover, the number 0 belongs to RanU and this
number is the least element of the poset (RanU ,4U ).
Proof. It follows directly from (9) that 4U is reflexive and transitive. Suppose that s and
t are distinct elements of RanU such that s 4U t. Then 〈s, t〉 /∈ ∆RanU holds and there
is a positive integer n such that 〈s, t〉 ∈ GnU (see Definition 5.3). Consequently, there are
(Xi, di) ∈ U and xi1, xi2, xi3 ∈ Xi, i = 1, . . . , n, such that
s = d1(x
1
1, x
1
3) and d1(x
1
1, x
1
2) = d1(x
1
2, x
1
3);
d1(x
1
1, x
1
2) = d2(x
2
1, x
2
3) and d2(x
2
1, x
2
2) = d2(x
2
2, x
2
3)
. . . . . .
dn−1(x
n−1
1 , x
n−1
2 ) = dn(x
n
1 , x
n
3 ) and dn(x
n
1 , x
n
2 ) = dn(x
n
2 , x
n
3 ) = t.
(10)
Since all spaces (X, d) ∈ U are ultrametric, from (10) we obtain
s ≤ d1(x11, x12) ≤ d2(x21, x22) ≤ . . . ≤ dn(xn1 , xn2 ) = t.
Hence, s 4U t implies s ≤ t if s 6= t. We evidently also have ∆RanU ⊆ ≤. Consequently,
the inclusion
(11) 4U ⊆ ≤
holds. Since ≤ is antisymmetric, from (11) it follows 4U is also antisymmetric. Thus,
(RanU ,4U ) is a poset.
To complete the proof it suffices to show
0 ∈ RanU and 〈0, t〉 ∈ GU
for every t ∈ RanU .
14 ROBERT W. VALLIN AND OLEKSIY A. DOVGOSHEY
Let t ∈ RanU . Then there are (X, d) ∈ U and x, y ∈ X satisfying t = d(x, y). The
equality d(x, x) = 0 implies 0 ∈ RanU . It is clear that (8) holds with
(12) s = 0, x1 = x = x3, x2 = y, and t = d(x, y).
The statement 〈0, t〉 ∈ GU follows. 
Let (X,4X) and (Y,4Y ) be posets. A mapping Ψ: X → Y is isotone if the implication
(x 4X y)⇒ (Ψ(x) 4Y Ψ(y))
is valid for all x, y ∈ X.
For posets (X,4X ) and (Y,4Y ) containing the least elements x0 ∈ X and y0 ∈ Y ,
respectively, a mapping Φ: X → Y is amenable if Φ−1(y0) = {x0} holds.
Example 5.5. A function f : R+ → R+ is amenable and increasing if and only if it is an
amenable, isotone mapping from the poset (R+,≤) to itself.
The next theorem can be considered as one of the main results of the paper.
Theorem 5.6. Let U be a non-empty class of non-empty ultrametric spaces (X, d). Then
the following conditions are equivalent for every f : R+ → R+:
(i) The restriction f |RanU is an amenable, isotone mapping from the poset (RanU ,4U )
in the poset (R+,≤).
(ii) The function f ◦ d is an ultrametric on X for every (X, d) ∈ U .
Proof. (i) ⇒ (ii). Let (i) hold and let (X, d) ∈ U be given. To prove that f ◦ d is an
ultrametric it suffices to show that the strong triangle inequality
(13) f(d(x, y)) ≤ max{f(d(x, z)), f(d(z, y))}
holds for all x, y, z ∈ X. Since (X, d) is an ultrametric space, there is a permutation
( x y zx1 x2 x3 ) such that d(x1, x2) = d(x2, x3) holds. Consequently, the ordered pair 〈s, t〉 with
(14) s = d(x1, x3) and t = d(x1, x2) = d(x2, x3)
belongs to binary relation GU (see Definition 5.3). It was proved in Proposition 5.4 that
the binary relation 4U = G
t
U ∪∆RanU is a partial order on RanU . By condition (i), the
restriction f |RanU is an amenable and isotone mapping from (RanU ,4U ) to (R+,≤). Hence,
we have the inequality
f(s) ≤ f(t).
The last inequality and (14) imply
(15) f(d(x1, x3)) ≤ f(d(x1, x2)) = f(d(x2, x3)).
Since (x1, x2, x3) is a permutation of (x, y, z), inequality (13) follows from (15).
(ii) ⇒ (i). Let (ii) hold. We must prove that f |RanU is amenable and isotone as a
mapping from (RanU ,4U ) to (R
+,≤). By Proposition 5.4, the number 0 is the least element
of (RanU ,4U ). Since there is a non-empty space (X, d), the equality d(x, x) = 0 holds for
some x ∈ X. By condition (ii), f ◦ d is an ultrametric on X. Hence, f(0) = f(d(x, x)) = 0
holds.
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Let t be a non-zero element of RanU . Then there is (Y, ρ) ∈ U such that ρ(y1, y2) = t
for some distinct y1, y2 ∈ Y . Since f ◦ ρ is an ultrametric on Y , we have
f(t) = f(ρ(y1, y2)) 6= 0.
Hence, f(t) 6= 0 = f(0) for every t ∈ RanU . Thus,
(16) f−1(0) = {0}
holds.
To complete the proof, it is enough to verify the truth of the implication
(17) (s 4U t)⇒ (f(s) ≤ f(t))
for all s, t ∈ RanU . This is trivial if s = t. For s = 0 the validity of (17) follows from (16).
Let s 4U t and s 6= t hold. Then, using (7), (8) and (9), we can find a positive integer
n such that (Xi, di) ∈ U and xi1, xi2, xi3 ∈ Xi for i = 1, . . . , n, and
s = d1(x
1
1, x
1
3) and d1(x
1
1, x
1
2) = d1(x
1
2, x
1
3);
d1(x
1
1, x
1
2) = d2(x
2
1, x
2
3) and d2(x
2
1, x
2
2) = d2(x
2
2, x
2
3)
. . . . . .
dn−1(x
n−1
1 , x
n−1
2 ) = dn(x
n
1 , x
n
3 ) and dn(x
n
1 , x
n
2 ) = dn(x
n
2 , x
n
3 ) = t
(see (10)). Consequently, we have
f(s) = f(d1(x
1
1, x
1
3)) and f(d1(x
1
1, x
1
2)) = f(d1(x
1
2, x
1
3));
f(d1(x
1
1, x
1
2)) = f(d2(x
2
1, x
2
3)) and f(d2(x
2
1, x
2
2)) = f(d2(x
2
2, x
2
3))
. . . . . .
f(dn−1(x
n−1
1 , x
n−1
2 )) = f(dn(x
n
1 , x
n
3 )) and f(dn(x
n
1 , x
n
2 )) = f(dn(x
n
2 , x
n
3 )) = f(t).
Since every f ◦ di, i = 1, . . . , n, is an ultrametric, we obtain
f(s) ≤ f(d1(x11, x12)) ≤ f(d2(x21, x22)) ≤ . . . ≤ f(dn(xn1 , xn2 )) = f(t).
Hence, s 4U t implies s ≤ t if s 6= t. Implication (17) is valid for all s, t ∈ RanU . 
Corollary 5.7. Let U1 and U2 be non-empty classes of non-empty ultrametric spaces.
Then the following conditions are equivalent:
(i) The equalities
RanU1 = RanU2 and 4U1 = 4U2
hold.
(ii) For every f : R+ → R+, a function f ◦ d1 is an ultrametric on X1 for every
(X1, d1) ∈ U1 if and only if f ◦d2 is an ultrametric on X2 for every (X2, d2) ∈ U2.
Choosing various sub-classes U of the class of all metric spaces, it is easy to obtain a
number of statements as a consequence of Theorem 5.6.
• Theorem 3.5 simply follows from Theorem 5.6 if U equals to the class of all non-
empty ultrametric spaces.
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• Proposition 4.7 follows from Theorem 5.6 with U = {(Qp, dp)}, but we need
Lemma 4.3 for the proof.
• Let (X, d) be the ultrametric space from Example 5.1 and let U = {(X, d)}. By
Theorem 5.6, a mapping
X ×X d−→ R+ g−→ R+
is an ultrametric on X if and only if we have
0 < g(1) ≤ g(3) and 0 < g(2) ≤ g(3).
• Statement (iii) of Theorem 3.7 follows from Corollary 5.7 with U1 equals to the
class of all non-empty ultrametric spaces and U2 equals to the class of all three-
point ultrametric spaces.
• Let U be the class of all two-point ultrametric spaces. Then
X ×X d−→ R+ g−→ R+
is an ultrametric onX for every (X, d) ∈ U if and only if g : R+ → R+ is amenable.
An interesting modification of Theorem 5.6 can be obtained for the case when the poset
(RanU ,4U ) is totally ordered.
Recall that a poset (Y,4) is totally ordered if, for all y1, y2 ∈ Y , we have
y1 4 y2 or y2 4 y1.
Let U be a class of ultrametric spaces. In what follows we use the notation
Ran0U := RanU \{0}, T 0U := supRan0U and t0U := inf Ran0U .
Theorem 5.8. Let U be a non-empty class of ultrametric spaces such that |X| ≥ 2 holds
for some (X, d) ∈ U . Then the following statements are equivalent:
(i) The poset (RanU ,4U ) is totally ordered and the implications
(18) (T 0U <∞)⇒ (T 0U ∈ RanU ) and (0 < t0U )⇒ (t0U ∈ RanU )
are valid.
(ii) The following conditions are equivalent for every f : R+ → R+:
(ii1) f ◦ d is an ultrametric on X for every (X, d) ∈ U .
(ii2) There is an ultrametric preserving g : R
+ → R+ such that
(19) f |RanU = g|RanU .
Now we state a lemma that will be used to prove Theorem 5.8.
Lemma 5.9. Let (X,4X) be a poset, let x1, x2 ∈ X and p1, p2 ∈ R+ and let 0 < p1 < p2
hold. Write [p1, p2] := {x ∈ R+ : p1 ≤ x ≤ p2}. If we have neither x1 4X x2 nor x2 4X x1,
then there is an isotone mapping Φ from (X,4X) to ([p1, p2],≤) such that
Φ(x1) = p1 and Φ(x2) = p2.
This lemma is a very special case of the following
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Proposition 5.10. Let (P,≤P ) be a poset, A ⊆ P , ≤A := (≤P )∩ (A×A) and let (L,≤L)
be a complete lattice. Then every isotone mapping (A,≤A)→ (L,≤L) has an extension to
an isotone mapping (P,≤P )→ (L,≤L).
Various variants of Proposition 5.10 are known [2, 6, 18, 30]. The formal proof of the
above formulated version of this proposition can be found in [12].
Proof of Theorem 5.8. (i)⇒ (ii). Let (i) hold. We must prove that (ii) holds. First of all,
we note that the equality
(20) 4U = (≤ ∩Ran2U )
holds. Indeed, it was shown in the proof of Proposition 5.4 that the inclusion 4U ⊆ ≤
holds (see formula (11)). Since 4U is an order on the set RanU , the last inclusion implies
(21) 4U ⊆ (≤ ∩ Ran2U ).
We claim that the converse inclusion
(22) 4U ⊇ (≤ ∩Ran2U )
also holds. Indeed, if 〈x, y〉 ∈ (≤ ∩ Ran2U ) and 〈x, y〉 /∈ 4U for some x, y ∈ RanU , then
we have neither x 4U y nor y 4U x contrary to the condition that (RanU ,4U ) is totally
ordered. Equality (20) follows from (21) and (22).
If (19) holds with an ultrametric preserving g : R+ → R+, then f ◦ d is an ultrametric
for every (X, d) ∈ U , because Ran(d) ⊆ RanU . Consequently, to prove the validity of
(ii) it suffices to show that f |RanU can be extended to an ultrametric preserving function
f∗ : R+ → R+ if (ii1) is valid.
By Theorem 5.6, the function f satisfies condition (ii1) if and only if f |RanU is an
amenable, isotone mapping from (RanU ,4U ) to (R
+,≤). This statement and equality (20)
imply that f |RanU is increasing and
(23) f−1(0) ∩ RanU = {0}
holds.
To construct an isotone extension of the mapping f |RanU to an amenable, increasing
f∗ : R+ → R+ we consider the following four possible cases:
(c1) T
0
U =∞ and t0U = 0; (c2) T 0U =∞ and t0U > 0; (c3) T 0U <∞ and t0U = 0; (c4) T 0U <∞
and t0U > 0.
Considering the empty set ∅ as a subset of the poset (R+,≤), one can obtain sup∅ = 0,
but inf ∅ does not exist. Since |X| ≥ 2 holds for some (X, d) ∈ U , we have |Ran0U | ≥ 1.
Therefore, one of cases (c1)–(c4) always takes place.
Let us define f∗ : R+ → R+ as
f∗(t) =
{
0, if t = 0
sup{f(x) : x ∈ [0, t] ∩ RanU}, if 0 < t <∞
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for case (c1);
f∗(t) =


0, if t = 0
f(t0U), if t ∈ (0, t0U )
sup{f(x) : x ∈ [t0U , t] ∩RanU}, if t ≥ t0U
for case (c2);
f∗(t) =
{
0, if t = 0
sup{f(x) : x ∈ [0, t] ∩ RanU}, if 0 < t <∞
for case (c3);
f∗(t) =


0, if t = 0
f(t0U ), if t ∈ (0, t0U )
sup{f(x) : x ∈ [t0U , t] ∩ RanU}, if t0U ≤ t < T 0U
f(T 0U ), if t ≥ T 0U
for case (c4).
Using condition (i) and equality (23) it is easy to see that f∗ is correctly defined and
amenable. Moreover, form the definition of f∗ it follows that f∗ is increasing. Consequently,
f∗ is ultrametric preserving by Theorem 3.5.
From Theorem 5.6 and equality (20) it follows that f(t1) ≤ f(t2) holds whenever t1,
t2 ∈ RanU and t1 ≤ t2. This fact and the definition of f∗ imply f(t) = f∗(t) for every
t ∈ RanU . Thus, equality (19) holds with g = f∗. Statement (ii) follows.
(ii) ⇒ (i). Let (ii) hold. If the poset (RanU ,4U ) is not totally ordered, then we can
find x1, x2 ∈ RanU such that we have neither
(24) x1 4U x2 nor x2 4U x1.
Since ∆RanU ⊆ 4U and 0 is the least element of (RanU ,4U ), condition (24) implies
x1 6= x2 6= 0 6= x1.
Let p1, p2 belong to R
+ and
(25) 0 < p1 < p2
hold. Let 40U be the restriction of 4U on the set Ran
0
U . By Lemma 5.9, there is an isotone
mapping f0 from the poset (Ran0U ,4
0
U ) to the poset ([p1, p2],≤) such that
(26) f0(x1) = p1 and f
0(x2) = p2.
Without loss of generality one can assume that x1 > x2 because condition (24) is symmetric
in x1 and x2 and x1 6= x2. Let us define now a mapping f : RanU → R+ by the rule
(27) f(x) =
{
0, if x = 0
f0(x), if x ∈ Ran0U .
The point 0 is the least element of (RanU ,4U ) and, at the same time, the least element
of (R+,≤). The last statement and the isotonicity of f0 imply that RanU f−→ R+ is
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also isotone. Moreover, from (27) and (25) it follows directly that f is amenable. By
Theorem 5.6, the function f ◦d is an ultrametric onX for every (X, d) ∈ U . Since (ii) holds,
there is an ultrametric preserving g : R+ → R+ such that f |RanU = g|RanU . Consequently,
we have x1 > x2 and
g(x1) = f(x1) = p1 < p2 = f(x2) = g(x2)
contrary to Theorem 3.5. Thus, (ii) implies that (RanU ,4U ) is totally ordered.
Suppose now that the inequality T 0U < ∞ holds but T 0U /∈ RanU . Since U contains an
ultrametric space (X, d) such that |X| ≥ 2, we have T 0U > 0. Let us define a function f on
the interval [0, T 0U ) as
(28) f(x) =
{
0, if x = 0
1
T 0
U
−x
, if 0 < x < T 0U .
Then the restriction f |RanU is an amenable, isotone mapping from (RanU ,4U ) to (R+,≤).
Using Theorem 3.5, Theorem 5.6 and condition (ii1) we can find an increasing g : R
+ → R+
such that (19) holds. Consequently, we have
(29) f(x) ≤ g(T 0U )
for every x ∈ RanU . From T 0U /∈ RanU and T 0U = supRan0U it follows that there is a
sequence {xn}, xn ∈ Ran0U such that limn→∞ xn = T 0U . Equalities (28) and (29) give us
the contradiction,
∞ = lim
n→∞
xn ≤ g(T 0U ) <∞.
Hence, the first implication from (18) is valid. The validity of the second implication
from (18) can be proved similarly. Statement (i) is proved. 
To formulate and prove the last result of the paper we recall a known fact from the
theory of ultrametric spaces.
Let (X, d) and (Y, ρ) be metric spaces. The space (X, d) is isometrically embeddable in
(Y, ρ) if there is a map Φ: X → Y such that
d(x, y) = ρ(Φ(x),Φ(y))
holds for all x, y ∈ X.
Lemma 5.11. Let n ≥ 1 be an integer number. A finite ultrametric space (X, d) is
isometrically embeddable in the n-dimensional Euclidean space En if and only if |X| ≤ n+1
holds.
This was independently proved by A. F. Timan [31] (at least in a special case), by
A. Yu. Lemin [23], and by M. Aschbacher, P. Baldi, E. B. Baum, R. M. Wilson (see
Theorems 1.1 and 6.7 in [1]).
Proposition 5.12. Let (X, d) be an ultrametric space with |X| ≥ 2. If (X, d) is isomet-
rically embeddable in the Euclidean plane E2, then statements (i) and (ii) of Theorem 5.8
are valid with U = {(X, d)}.
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It follows directly from Lemma 5.11.
Remark 5.13. Example 5.1 shows that we cannot replace the plane E2 by other Euclidean
space En with n ≥ 3 in Proposition 5.12.
It would be interesting to find analogues of Theorem 5.6 and Theorem 5.8 for functions
which preserve the metrics from an arbitrary fixed class.
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